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Resampling Chaotic Time Series
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A method for resampling time series generated by a deterministic chaotic data generating process
(DGP) is proposed. Given an observed time series, this method potentially allows one to obtain an
arbitrary number of time series of arbitrary length which can be considered as a product of the same
unknown DGP. The notion of shadowing and brittleness of the pseudo-orbit proves to be particularly
useful in characterizing the conditions for a correct resampling. A simple practical application of the
method is shown. [S0031-9007(97)03296-1]

PACS numbers: 05.45.+b

One of the main tasks of time series analysis is tostrapping the points in the phase space rather than in the
infer from a given time series the properties of thetime domain. However, this method can only provide the
underlying data generating process, as, for exampleempirical distribution of Lyapunov exponent estimators.
nonlinearity, complexity, chaoticity, etc. There are many The method analyzed here, which was inspired by an
works on this subject. Among these, we must cite Theileidea contained in the work of Farmer and Sidorowich
et al.[1] who developed a statistical method to test[12], is substantially different from the ones proposed so
if the underlying dynamics is of a particular type, for far and, in some sense, is more general because it poten-
example, white noise or linearly correlated noise. Brockially allows us to obtain the empirical distribution of a
et al.[2] suggest a method to test the hypothesis ofwider range of estimators such as, for example, correla-
independence and identical distribution, and to detect thBon dimension, entropies, and Lyapunov exponents. The
presence of nonlinearities in the observed data. Wolfethod is essentially a parametric resampling technique
et al. [3] and many other authors [4] proposed algorithmsbased on local (neural) approximations of the flow (or the
for the estimation of the largest Lyapunov exponentmap) which generated the observed data set. The only
(the main test for chaoticity) or the whole spectrumrandom factor introduced here is the choice of a start-
from a time series. The algorithm for the estimationing point on the attractor. The resulting resampled series
of the correlation dimension [5] enables one to obtaifmimic (in a sense which will be specified later) the de-
a lower bound estimation of the Hausdorff dimensionterministic behavior of the underlying DGP. First, we
of the attractor of the unknown data generating propresent some notions which will be used later.
cess (DGP). An m-dimensional differentiable dynamical system

In many of these works, however, there is a lack of as a time evolution defined by an evolution equation
distributional theory for the proposed tests, which would(continuous-time case)x = F(x), x € R™, which
provide the necessary framework for the statistical hygenerates a smooth functiofi(x), the flow, such that
pothesis testing. From an analytical point of view, few%(fl(x))FT = F(f7(x)) for all =, or a map (discrete-
results have been obtained so far; one example is Lai anfme case)x;+; = f(x;), x € R™, where f or F are
Chen [6]. A promising direction of research is the onedifferentiable functions.
based on resampling techniques. Following Simon and The quantities most frequently used to characterize the
Bruce [7], by resampling procedures we méana col-  dynamics of the system are the correlation dimension and
lection of computer intensive methods to use experimentahe Lyapunov exponents. They measure, respectively, the
data to obtain different estimates of a statistics or underdegree of geometrical complexity of the attractor and the
lying distribution.” Among the resampling methods for degree of dynamical instability of the trajectories.
time series, we mention Kiinsch [8], Politis and Romano The correlation dimensiond..., is defined by
[9], and Lall and Sharma [10]. However, these are par- __logC(e)
ticularly ill suited for resampling time series generated by deorr = Im}) Tloge 1)
a purely deterministic DGP, as a chaotic DGP, or with a -0 10ge
strong deterministic component; as a matter of fact, theyvhere C(g) = limy_.. Cy(g)/N?, N is the number of
tend to introduce a spurious stochastic component in thavailable points, andy () is the number of pairs of points
resampled time series. Gencay’s work [11] is the mosbn the attractor whose distance from one another is less
interesting because it circumvents the obstacle by boothate. It gives information on the minimum number of
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variables present in the evolution of the correspondindeed-forward neural networks, radial basis functions, re-
dynamical system [5]. current neural networks, etc. [15]) to the, }, data set.
The Lyapunov exponents are measures of the average Let fy be the estimate of at the pointx. Of course,
rate of divergence (or convergence) of typical trajectoriesf f is a global estimatefy(-) = fy(-) for all x,y €
intime. The largest Lyapunov exponent is given by {x,},. The jth resampled orbit starting from (the ran-
1 . domly chosenko; is X; = {&,(xo;)}\-1, whereg,(xo;) =
AX,w) = lim p In[[Dy f'(x) - wl| (2) fﬁﬂ(ﬁlil_) — fﬁ/—n o_]%ﬁﬁ 6... 0 ]?Xol(_x()j), and the first
for almost any vectow, whereDy f(x) is the derivative "7 (Iransient) iterations have been discarded.
Here, we propose using a local estimatqrbased on

of f*inx. The multiplicative ergodic theorem of Oseledec ' .
[13] ensures that (2) exists. The other exponents caH1e nearest neighbors technique [12] and feed-forward

in principle be obtained by diagonalizing the positive "€ural networks. The proposed resampling methodology

[ . il ioi be summarized as follows:
matricesD;f'Dxf’, whereD:f" is the adjoint ofDcf?, ~ “&" _ . _
and using the fact that their eigenvalues behave the same(1) Starting from the observed time series, use the

as exp’M, exp, ... If the largest Lyapunov exponent time delay rr_1§thod to reconstruct t;e pqints in the phase
is positive, then this is a strong indication that the syste pace, obtaining the points, € R .defmed asx, =
i< chaotic. Xiy Xi4j» Xi42j - - > X1+(a—1)j}, Whered is the embedding

dimension for the dynamical system under study ansl
f the time delay.
(2) Randomly choose an initial conditioq, keeping,
r example, one of th& points of the orbit and adding a
§mal| random quantity;.

(3) Look for thek nearest points tx, {x,,[}le, ie.,
find the k points which minimize the distance (here we
consider the Euclidean distance) from the reference point
X, this set of points represents the total input of the neural

Finally, we introduce the notion of deed-forward
neural network[14]. Neural networks are a class o
nonlinear models which are capable of approximating an¥
continuous functionf uniformly on compacta, that is, 0
they are universal approximators. This property make
neural models very appealing in nonlinear regression.

The input valuex € R? (d is the embedding dimen-
sion) are received by th& input units, which pass them
to the hidden units using a linear transformation deter
mined by their connection strengih;. Each hidden unit network. ) ) )
performs a nonlinear transformation on its total input, (4) Choose a time interval’ and select the points
producing a total output using a sigmoid functiéitx),  X»+7}i=1, i-€., find thek points in the phase space
called activation function, which is the same for all the Which correspond to the evolution, aftér steps, ofkthe
hidden units. The network outp@ can be represented dynamical system starting from the set of poifts }i-,

as selected in step (3); this set of points is the total output of
d d the neural network.
0= Z BiK(Z YijXj T bi>’ 3) (5) Making use of these two sets of points RY,
=l =1 estimate the flowy fitting a neural modefy,, as explained

where B;, with 8; € R4, are the weights of the output
produced by every hidden uni,is the number of hidden
units, andp; is the bias of the hidden units.

Now, let {x,};—; be a scalar time series arising from a onstructed.

determllvnlsnc dynamical system (for example, chaotic) an (7) Go back to (3), look for thé nearest paints of;,
let {x,};—; be the corresponding series of rgconstructec@stimate}»i“ and then calculat®, = %0107 = fx, (1)
vectors ofR?, whereN = n — d + 1. The aim of the  The parameters which appear in the algorithm are the
present Letter is to develop an algorithm which is ablesmpedding dimensiod, the time delayj, and the num-
to produce, using the information contained in the dataer of nearest neighboés Regarding the choice of the
set, an arbitrary numbe¥/ of new series which can be embedding dimensiod, one can use, for example, the
considered realizations of the same DGP. method of false nearest neighbors [16]; one has to remem-

In the case where the flow (or the map)is known,  per that choosing a wrong embedding dimension causes a
the natural way for resampling the series is to randomlywrong reconstruction of the phase space. In fact, i
selectM initial conditionsxg;, j = 1,...,M, belonging  too small, there are intersection problems for the orbits, so
to the basin of attraction of the system, compute she points which seem near are in reality very fardiis too
iterations X; = {f"(xoj)}?’:l, wherefi = f o..- o f (i  big, this reduces the density of the usable points. Also,
times), and discard the firsi; values which represent the choice ofj, the time delay, strongly influences the re-
the transient. Therefore, the only stochastic componertonstruction of the phase space [17]. Finally, one has to
of this algorithm is the choice of the initial condition from determine the begt The choice of too small &involves
which the orbit starts. difficulties in the estimation of with the neural network;

In the real case, the flow (or the map)is obviously in fact, few points of input and output are used, so the
unknown. It is therefore necessary to (locally or globally)estimation becomes more approximate and rough. How-
estimatef, fitting linear [12] or nonlinear models (such as ever, too big a introduces an error in the estimation of
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f caused by having to consider points which are actually a)
very far from the reference one. For the best choicg,of 1
based on cross-validation criteria, see Casdagli [18]. /’ \\.\
In order to legitimately regard the trajectorie¥; / N\
as coming from the same process which generates the / \
original data set, two fundamental questions must be ! \
considered. First, it is important to point out that it
is erroneous to state (see Farmer and Sidorowich [12],
p. 316) that each resampled series starting from a given / '
initial point xo; must necessarily be a “good” forecast / \
of the true orbit starting from the same point. This /
is a particularly strong condition, especially for chaotic
systems where good forecasts are only possible for 0 1
short time periods. What must be guaranteed instead X t
is the existence of a trajector¥ = {x,(xos)} of the N
true unknown systene close to the resampled one,
i.e., Ix,(xon) — %,(x¢;)| < e foranyt=1,2,...,N. In e \
other words, we must prove that each trajectﬁ’yyis € 7 .
shadowedby a (unknown) true orbit [19]. In the lucky 4 N
cases wherg¢f has the shadowing property, the existence / \
of a true orbite close to the resampled one, is ensured.
In fact, f has theshadowing propertyf, for every e > 0,
there is aé > 0 such that everys pseudo-orbit can
be ¢ shadowed by an actual orbit, i.e., {&ko,x1,s} / \
satisfiesd(f(x;),x;+1) = & for everyt = 0, then there i \
is an initial conditionx such thatd(f*(x), x;) = ¢ for all \
t = 0. Actually, the existence of the shadowing property 0
has been proved only for hyperbolic dynamical systems 0 1
(the shadow lemma by Anosov and Bowen) and for a few x_t
simple maps such as tent maps [20]. FIG. 1. Logistic map: (a) a 2D reconstruction of a true time
In the cases where it is not possible to ascertafhliis  series and (b) of a resampled one.
ghneesré%ﬂ?&’v'ggggoaﬁgy éﬁgﬁfxfg:ﬁtyhigf uprllflérrl)c())vsvg()j, byand on the “degree” of brittleness. The productbodnd
. ) X the brittleness gives an estimate of the naisehich is
Dawsonet al.[21]. This test is based on the notion of . .
the brittlenessof a pseudotrajectory, that is, the constantpresem in the resampled series [21].
' ' We apply our resampling method to a series (500

of proportionality between the shadowing distance (the, . o _
: . ; oints) generated by the logistic m =4x,(1 — xy).
distance in the phase space that the pseudo-orbit hase%le p?a?ameter vaIL)J/es invglved inﬁgﬁr alg)(C)trEthm,xitr: this

cover in order for it to be deformed into a true trajeCtory)SpeCifiC case, ard = 2, j = 1, andk = 20. d and k

and the original ma_gnltL_Jdé of the one-step error ('T‘. are chosen so that the forecasting error (calculated on a
our case, the approximation error). A necessary C()ml't'o'f'esting set) of the local neural model is minimized. We

for shadowablllty is that the brittleness times the EMOTshow that the resampled series have the same dynamical
magnitude is smaller than the extent of the attractor.

: - and geometrical properties of the original DGP.
Supposing that the problem of shadowability has been For the logistic map, the Lyapunov exponentiis =

solved, a second fundamental question must be takqﬂ2 — 0.69315 and the correlation dimensionds,, — 1
. . 1T "

Into account: Wh?t is the amount of noise present irg; ot of all, we present the attractor reconstructed using
the resampled series? In fact, for our purposes it ig

not sufficient to verify the existence of anshadowin wo time series, the first coming from the "true” DGP and
. : N9 the second obtained from resampling the first, using the
trajectory. It is also necessary to guarantee thais

sufficiently small. If not, the resampled series Cannotmethod proposed in this Letter. We can see that there are

be considered as generated from the same true unknown

DGP, and their statistical properties will differ from the TABLE I. Descriptive statistics of the00 resampled time

original ones. In this case, the resampling algorithm willSEres.

have no practical utility. Obviously, the magnitude of Median Mean Std. dev.

the error of the pseudotrajectory depends on the level gf

the errord (Whicrr1J in turn éepen):js oFr)1 the approximationq‘yapunqv exponent 0.6942 0.6924 0.01844
' ! Correlation dimension 0.9704 0.9621 0.05248

method used for estimating and on the sample size

X_t+1

-’

X_t+1
\\
e
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TABLE Il. p~ values for the tests of equal mean, variance, [1] J. Theiler, B. Galdrikian, A. Longtin, S. Eubank, and J. D.

and distribution. Farmer, inNonlinear Modeling and Forecastingdited by
Mean Variance Distrib. M. Casdaglli and S. Eubank,. SFI Studies in thg Sciences
of Complexity Proc. Xl (Addison-Wesley, Reading, MA,
Lyapunov exponent 0.42 0.18 0.28 1992).
Correlation dimension 0.44 0.57 0.47 [2] W.A. Brock, W.D. Dechert and J. A. Scheinkman, Social

Systems Research Institute, University of Wisconsin, 1987
no remarkable discrepancies between the two figures (unpublished).
(Fig. 1). [3] A. Wolf, J.B. Swift, H.L. Swinney, and J.A. Vastano,
Then, we produced 100 true time series from the Physica (Amsterdani6D, 285 (1985).
logistic map and 100 “resampled” time series following [4] R. Brown, P. Bryant, and H.D.I. Abarbanel, Phys. Rev.
our algorithm. Using the method proposed by Rosenstein A 43, 2787 (1991); J.P. Eckmann, S.O. Kamphorst,
et al. [22], we calculated the Lyapunov exponent and the ~ D- Ruelle, and S. Ciliberto, Phys. Rev.34, 4971 (1986);
correlation dimension for all the time series and then we ﬁf?{‘gg‘%’)?ng V,\\I,[CDbg?ffgert’Sph%i:Z? (gmsé‘;%i?man d
used these_ re_sult; for making tests on the null hy_pothesis D. Nychka '3 Am. Stat. As)s/’087. 682 (1’99'2)_ '
of equ_al dlstr_lbutlon of the two samp!es of estimates. [5] P. Grassbérger and 1. Procaccia,, Physica (Amster@in)
Each time series contains 500 observations. 189 (1983).
The sample median, mean and standard deviation ofig] D. Lai and G. Chen, Int. J. Bifurcation Chaos Appl. Sci.
the 100 Lyapunov exponent and correlation dimension  Eng.6 (5), 1721 (1995).
estimates of the resampled time series are shown in7] J.L. Simon and P. Bruce, Math. 3.(1), 48 (1993).
Table I. The estimates are very close to the true valueg8] H.R. Kiinsch, Ann. Statl7, 1217 (1989).
of A; and deorr. [9] D.N. Politis and J.P. Romano, J. Am. Stat. Ass86,
We conducted three types of nonparametric tests: First 1303 (1994).
we tested the null hypothesis of equal mean between trug0l U- Lall and A. Sharma, Water Resour. R& (3), 679
and resampled estimatesof andd...., respectively, then (1996).

- . . [11] R. Gencay, Physica (Amsterda®9D, 261 (1996).
the hypothesis of equal variance and finally the hypothesi 2] J.D. Farmer and J.J. Sidorowich, Evolution, Learning

of equal distribution (Kolmogorov-Smirnov test) [23]. On and Cognition, edited by Y.C. Lin (World Scientific,

the basis of thep values reported in Table I, we can Singapore, 1988).

accept the whole set of hypotheses, within a significance3] v.I. Oseledec, Trans. Moscow Math. Sod9, 197
level of 5%. (Given a hypothesis test, I&t be a suitably (1968).

chosen test statistic; we defipevalue as the probability [14] H. White, Artificial Neural Networks. Approximation and
that the statisti@” “exceeds” the observed valug,s when Learning TheoryBlackwell, Oxford, 1992).

the null hypothesis is, in fact, true [24]. An empirical [15] A.S. Lapedes and R. Farber, Los Alamos National
decision rule is to accept the null hypothesis if thealue Laboratory Technical Report No. LA-UR-87-2662, 1987,

J. Moody and C. J. Darken, Neural CompLit281 (1989);

is bigger than 0.10.) These results give us confirmation _ 7 4
M. C. Mozer, inPredicting the Future and Understanding

%q?; (Ijn r;[glr?]i?glp;ﬁgtlzgr?;r;’gaelth?: gtggrg;?ﬁeiggaeg%; d the Past,edited by A.S. Weigend and N. A. Gershenfeld,
. yna 9 calprop P SFI Studies in the Science of Complexity Proc. XV
time series and of the series directly generated by the (Addison-Wesley, Reading, MA, 1994).
DGP under sftudy are the same. Further applications qfig] M.B. Kennel, R. Brown, and H.D.l. Abarbanel, Phys.
the method will be reported in [25]. Rev. A45, 3403 (1992).
For the sake of simplicity, here we have not checked th¢17] D.S. Broomhead and G.P. King, Physica (Amsterdam)
degree of brittleness and shadowability of the resampled 20D, 217 (1986).
series. We will consider this crucial feature in future[18] M. Casdagli, J. R. Stat. Soc. 8}, 303 (1992)_.
works. Moreover, preliminary explorations prove that the[19] S.M. Hammel, J.A. Yorke, and C. Grebogi, J. Complex.
method can be applied, with proper modification, to noisy 3, 136 (1987).
time series. [20] E.M. Coven, I. Kan, and J.A. Yorke, Trans. Am. Math.
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